During a period of almost 40 years already, various fixedangle heat spreading models have been developed in the literature. These models can be used by thermal engineers as approximations for the thermal steady state resistance of a heat source on a rear-cooled substrate. In this paper an extension of these models to dynamic (time-dependent) phenomena is proposed. The heat dissipated by a square source (side a) is assumed to spread out into the substrate (thickness t s ) under a fixed angle φ. An analytical solution for the complex thermal impedance Z th (jω) in phasor notation is derived. The obtained expression, in which φ is used as a fitting parameter, is compared with exact results. A very good agreement is observed (average relative error less than 6%) for a wide range of the normalized thickness λ = t s /a. A compact expression for the optimal heat spreading angle as a function of λ is given. Finally the temperature response to a heat power step is investigated. A simple formula for the thermal rise time is provided, allowing a thermal designer to make quick yet accurate estimations about the dynamic behavior of the device.
Introduction
In early stages of the design process, the high accuracy provided by sophisticated thermal simulators may be somewhat overkill. Semi-analytical methods based on infinite series require the summation of a large number of terms. Each of them can depend upon the boundary conditions, leading to complicated expressions and substantial amounts of computer time. Finite element simulations can be time-consuming as well, and provide very little physical insight. It is for instance not straightforward to assess the impact of changing one or more design parameters (such as substrate material or its dimensions) on the thermal behavior.
To address this situation, various methods have been reported to approximate the thermal resistance of a power dissipating element on a rear-cooled substrate. One commonly used and well known approach is that of the fixed-angle heat spreading [1 -9] . Such models provide quick estimations for the thermal resistance with accuracy around 5 to 20%, which is reasonable for prototyping purposes. The key assumption is that the heat is spreading with a constant angle φ from the heat source. In other words, the heat flow is assumed to be confined to a pyramidal body. Early reports about this method go back to almost 40 years ago [1] . However, as stated in [9] , no one seems to know the exact origin of the heat spreading angle concept. It appears to have started to lead its own life among the engineering community. Progress has been continuously presented, also in more recent history [8] .
Several variants of the model can be distinguished. While φ = 45° is the most common choice (mainly because of its simplicity), a value of 32.5° is sometimes used as this provides the best overall fit [3] [5] . Other authors proposed a spreading angle depending on the geometrical parameters to improve accuracy [6] [8] . The analysis is usually carried out for square heat sources, however also rectangular [6] [7] [8] and circular [4] [8] shapes were taken into account. Further features include the modeling of laterally limited substrates [8] , a stack of several substrate layers [2] [4] and multiple heat sources [2] [7] .
The cited models however all have a common limitation. They provide the thermal resistance, in other words they only give information for steady state conditions. Recently, dynamic (time-dependent) thermal characterization is gaining more and more importance. This is particularly interesting with respect to the reliability of the devices [10] . As far to our knowledge, no papers related to a dynamic heat spreading model have been published. In this paper we therefore propose a fixed-angle heat spreading model which is useful for quick estimation of the dynamic behavior. To do so, both the thermal conductivity and heat capacity of the substrate must be taken into account. First a closed form solution for the complex thermal impedance (in phasor notation) of the pyramidal body is derived. Comparison with accurate semianalytical results shows a very good agreement. The optimum value for the spreading angle φ is given as a function of the normalized thickness of the substrate. The response to a heat power step (heating curve) is also investigated. The analysis leads to a compact expression for the thermal rise time, allowing rapid prototyping of the dynamic behavior.
Model Definition
Let us consider a square heat source (side a), dissipating a power P, on a substrate with thickness t s . The substrate material is characterized by a thermal conductivity k (in W/mK) and a specific heat per volume unit C v (in J/m³K). The rear side of the substrate is perfectly cooled (ambient temperature T = 0). We assume that while the heat is flowing in the z direction from the source to the sink, it spreads out under a fixed angle φ in both x and y directions (Fig. 1a) .
It is well known that the time-dependent diffusion of heat can be modeled by a distributed RC-network. A representation of the pyramidal heat flow body together with the heat dissipation ('current source') and cold plate ('short circuit') is shown in Fig. 1b . The analysis of the network will be carried out in the frequency domain using phasor notation: ¶/ ¶t ® jω with ω the angular frequency of the heat source (in rad/s). An elementary horizontal slice at depth z with thickness Dz of the pyramid is characterized by a capacitance c(z)Dz and resistance r(z)Dz, in which:
where A(z) is the local cross-section area of the heat flow path:
(2) It should be noted that the total thermal impedance Z th cannot be determined by direct integration, because the capacitances are grounded (thus not connected to the next slice). A differential equation will be used instead. For the sake of simplicity we will introduce some short notations: 
Expressing the voltage and current laws for the elementary section marked in Fig. 1b and taking the limit Dz ® 0 yields differential equations for the heat flow (Q, in W) and temperature (T, in K) distributions:
After some manipulation and using Eq. (4) this leads to:
We note here that for a rectangular heat source the factor (1+αz) 2 in (4) would be replaced by (1+αz)(1+βz) with α ¹ β. The resulting differential equation does not take the form (6) and can no longer be solved analytically. For this reason only a square shaped source is considered.
The general solution of (6) is found to be:
The coefficients C 1 and C 2 can be determined by applying the boundary conditions. The heat sink at the bottom z = t s and power dissipation on top z = 0 imply respectively:
By combination of (7) with (8) The steady state resistance R th is found by taking the limit ω ® 0 and is given by r 0 t s / (1 + αt s ). One can verify this is the same result as obtained by direct integration of dz/k(a + 2z tan φ)
2 from z = 0 to z = t s . In order to make further results generally applicable (not depending on the choice of substrate material), the impedance as well as the frequency scale is normalized. These normalized quantities will be noted with a '~'. Introducing λ = t s /a finally gives:
It is clear that the (normalized) impedance Z th is a function of the (normalized) frequency ω. The only geometrical or material parameter that is left in (10) is the normalized substrate thickness λ. The spreading angle φ can be used as a fitting parameter, as shown later.
Exact Calculation of Z th (jω)
In order to check whether the expression (10) provided by the fixed-angle model is a good approximation, accurate results for the thermal impedance are needed. The 3-D heat equation (in phasor notation):
must be solved in the substrate. To achieve this, a slightly modified geometry is considered: the source is sandwiched between two identical rear-cooled substrates (Fig. 2 , shaded area). For symmetrical reasons the origin of the coordinate axes is chosen in the center of the heat source. Due to the symmetry in the z direction the temperature distribution is exactly half of the one for the original problem.
For a point shaped source in ' r r dissipating 1W in the free 3-D space, the solution of (11) is known in closed form. This so called Green's function is given by [11] :
in which
The temperature distribution generated by a distributed source can be obtained by integrating the Green's function over the source area. In our case we are however not dealing with free space: the geometry is limited by horizontal planes at z = ± t s where T = 0. These boundary conditions can be mimicked by introducing an infinite number of image sources (multiple reflection technique). The location (z coordinate) and sign of the image sources is as follows: ±2t s {-}, ±4t s {+}, ±6t s {-},… (Fig. 2) . The temperature in a point (x,y,0) of the source is then given by:
where p is the power density (in W/m²) of the source and
The leading factor 2 in (13) is needed because, as mentioned before, the temperature for the original configuration is exactly twice the one found for the structure of Fig. 2 .
In practice only a finite number of terms can be taken into account while evaluating (14). Special care is taken to ensure convergence. The series was terminated when the relative iteration change of both real and imaginary parts of H was smaller than a preset value (10 -9 ). For thin substrates (small λ) and low frequencies, the Green's function G is only weakly damped. In those cases more than 2000 image sources were needed to obtain a convergent value for H. Precautions are also needed for numerical evaluation of the integral (13) because the first term in H has a singularity in the point (x = x' , y = y'). This can be treated analytically [7, pp. 253-254] , but further details will be omitted here.
Results and Discussion

Thermal Impedance
A heat source (a = 100µm) on a silicon substrate (k = 160 W/mK, C v = 1.784x10 6 J/m³K) was divided into a 10x10 grid of identical squares. In each of the 100 center points (13) was evaluated numerically yielding a detailed image of the temperature distribution inside the heat source. For the calculation of the thermal impedance the average source temperature is used, as this is more representative for experimental measurements [12] . The analysis was carried out over a large frequency range (with 10 points per decade) and for various substrate thicknesses (λ = 0.1, 0.2, 0.3, …, 0.9, 1, 2, 5 and 10). The thermal impedance was normalized using the aforementioned r 0 and ω 0 . Hence the fact that silicon parameters were used for the calculations is not a limiting factor: the normalized result is valid for any other substrate material.
These accurate calculation results can now be compared with the proposed fixed-angle heat spreading model (10) , by means of the following error function:
The superscript (i) denotes 'evaluated in the i-th frequency' and N is the number of calculated impedance points. Hence e is a measure for the relative deviation of each point (on average) between the model prediction model Z and the actual value (calculation results exact Z ). The error is clearly function of the heat spreading angle φ hence the latter can be used as a fitting parameter. A computer program was written to sweep φ in steps of 0.1° and calculate the corresponding error e(φ). Some of the resulting error curves are shown in Fig. 3 . Each of the curves is showing a clear dip, indicating that there is an optimum value φ opt which minimizes the fitting error. The optimal heat spreading angle as a function of λ together with the corresponding error is presented in Fig. 4 .
The proposed model is very suitable for thin substrates (error less than 3% for λ £ 1) but gives a good approximation for thicker substrates as well (largest error was observed for λ = 5 and is only 5.39%). The φ opt values can be fitted very well by: The fitting procedure was performed in such a way that the slope of the curve is continuous in λ = 1, explaining the exponent -0.969 (instead of -1 which would simplify the expression). The function (16) is also presented in Fig. 4 (solid line). The usefulness of (16) was tested by estimating φ opt for λ = 0.14, 1. 
Step Response
Although the thermal impedance provides a compact and complete dynamic characterization, it is rather abstract because it is a frequency domain representation. Additional time domain information can provide more direct insight into the transient behavior and might be valuable for practical design. For this purpose the response of the device is investigated when the heat source is suddenly switched on (power step). The resulting temperature as function of time can be determined by inverse Fourier transform. For a dissipation of P 0 Watt we have: in which f = ω/2π and δ is the Dirac impulse function. After some manipulation and using (10) we obtain:
where both the temperature and time scales have been normalized:
Note that T 0 is the thermal resistance R th multiplied by P 0 , i.e. it is the steady state temperature of the source, hence the normalized step responses will have 1 as final value. Eq. (18) was evaluated numerically for various λ values, where each time φ = φ opt (λ) is introduced. Some of the resulting heating curves are presented in Fig. 6 . The accuracy of these curves was inspected for a very thin substrate λ = 0.01. In such a case the temperature distribution is nearly one-dimensional.
Comparison between (18) and an analytical 1-D solution resulted in a relative error less than 0.6% along the entire curve.
From the calculated step response the thermal rise time was derived. This is the time the temperature takes to evolve from 10% to 90% of its final value (T = 0.1 … 0.9) and gives a good indication for the thermal 'quickness of reaction' of the substrate. Fig. 7 shows the normalized rise time as a function of λ. In contrast to what can be expected, the response seems quicker if a thicker substrate is used. This is however not the case: the rise time is normalized to t 0 , which is proportional to t s 
which is also shown in Fig. 7 . The fitting was tested by estimating t rise for λ = 0.14, 1.4 and 7. The predicted and 
Further Extensions
First some comments on the boundary conditions are appropriate. We assumed the bottom of the substrate to be at a fixed reference temperature (cold plate or ideal heat sink). In practice various other situations can occur, among which convective cooling may be of large interest. Poorer bottom cooling, i.e. a smaller heat transfer coefficient h, will result in a wider heat spreading in order to utilize a larger contact area with the coolant. The model will therefore largely depend on the boundary conditions. For dynamic phenomena, as were studied here, an additional difficulty arises. At high frequencies, corresponding to early transitions in the step response, only the region close to the source is heated. In those cases the boundary conditions at the substrate bottom (e.g. the value of h) does not play any role in the thermal behavior. As a consequence, the spreading angle becomes a function of three (normalized) parameters: φ opt = φ opt (λ,h,ω) . This makes, even in the steady state limit, the model much more complicated and rather cumbersome to use. None of the nine papers [1 -9] presenting a steady state fixed-angle model took convective or radiative cooling into account.
Next, we turn our attention to the analysis of multilayered structures. In steady state, reasonable accuracy can be expected only if the materials have comparable thermal conductivities [4] . Flux lines are bent sharply as they approach the interface between a well and poorly conducting layer. This situation is very likely to occur in a typical electronic package, e.g. at the interface between the semiconductor and a TIM/adhesive to a heat spreader. As the cross-section of the heat flow path will be larger than expected, the fixed-angle model will substantially overestimate the contribution of the insulating layer. For dynamic problems, more complications occur. Since the size of the heated zone is frequency dependent, as explained earlier, the different layers will start to contribute gradually to the step response as time progress (smaller f). In addition the total impedance of the stack is not simply given by the sum of the separate layer impedances, because the thermal capacitances are grounded. Instead the temperature in each layer takes the form (7) and a linear set must be solved to determine the C 1 and C 2 coefficients.
A final point of interest is the case of an anisotropic substrate. Thermally engineered materials are specially designed to modify the heat spreading capability in the direction either along or perpendicular the heat flow path, i.e. k xy ≠ k z . Such a situation can be accounted for by the proposed model relatively easily. Let us introduce the following 'anisotropy factor':
A solution can be obtained by rearranging the heat equation (11) in a dimensionless form. It turns out that the temperature distribution in an anisotropic substrate with thickness t s is simply β times the distribution for an isotropic substrate with k = k xy and thickness βt s . Derivation of the dynamic behavior is then almost straightforward. One only has to substitute λ by βλ everywhere in the model, and reinterpret normalization values such as ω 0 , T 0 and t 0 appropriately.
Summary and Conclusions
A fixed-angle heat spreading model was proposed for dynamic thermal characterization of a square heat source on a rear-cooled substrate. This extends the numerous works for steady state conditions that can be found in the literature. An analytic expression for the complex thermal impedance Z th (jω) was derived by means of an equivalent thermal RC network. If an appropriate spreading angle is chosen, the model is in very close agreement with exact calculation results for a wide range of substrate thicknesses. A compact expression for the optimum angle φ opt was provided. The thermal step response was investigated, leading to a simple formula for the thermal rise time. This allows a designer to obtain quick and accurate estimations about the dynamic behavior.
